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1 | INTRODUCTION

Dirk Vandepitte® |

Volnei Tita'?

Abstract

The quantification of uncertainties in a system and the ability to identify the
most influential parameters for a given structural health monitoring (SHM)
strategy constitutes an important step for an in-depth analysis of the problem.
It is used in reliability assessment and for the definition of proper inspection
intervals. In a recent paper, the authors proposed a methodology for SHM and
fatigue life estimations of structures under random loads. This paper expands
over those concepts and presents a framework for sensitivity and uncertainty
analysis for SHM of structures in the frequency domain. The structure is an
Euler-Bernoulli beam, which is modeled with the Ritz method. The concep-
tual simplicity of the Ritz model keeps the computational cost low. The results
showed that the Walker parameter for the crack propagation law, Co; the
modal damping factor; and the input acceleration are important parameters
affecting the variance of the remaining useful life.
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as they are based on methods for the non-destructive
monitoring of the damage state of a structure, with the

Fatigue failure is one of the main concerns in the design
of structures in several branches of industry, such as
aeronautics. Different design philosophies have been
developed to prevent this type of failure, namely, safe-
life, fail-safe, and damage-tolerant. The damage-tolerant
approach, in particular, is commonly applied in the aero-
nautical industry, allowing weight savings while at the
same time ensuring structural reliability." This design
methodology tolerates small cracks to propagate without
jeopardizing structural safety. It does rely heavily on non-
destructive inspection techniques and proper inspection
intervals and maintenance plans.

Structural health monitoring (SHM) systems are a
natural complement to the damage-tolerant philosophy,

final objective of a complete condition-based mainte-
nance that is autonomous and continuous.” Vibration-
based methods are successfully applied in SHM
systems.>® Since these methods rely on monitoring
changes in the dynamic response, they should be able to
cope with the inherent variability of structures (in terms
of their geometric characteristics and material properties)
and still unequivocally identify the presence of damage.
Moreover, the quantification of uncertainties in a system
and the ability to identify the dominant parameters for a
given SHM strategy constitutes an important step for an
in-depth analysis of the problem.

According to Datteo et al.,” uncertainty propagation is
the process of quantifying the uncertainty in the result of
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a function based on the uncertainty of its inputs. This
process usually requires a very large number of evalua-
tions of a mathematical model, which can be computa-
tionally intensive. When the model gets too large, a
surrogate model (SM) brings down the computation time.
Common methods for generating a SM are polynomial
chaos expansion, Kriging, ANOVA decomposition, and
neural networks.’

In recent years, much research effort is spent on
modeling uncertainty and reliability of metallic struc-
tures subjected to fatigue damage. Marques et al.® evalu-
ated the reliability of a riveted railway bridge using
Monte Carlo simulations. Crack propagation was mod-
eled using the standard Paris crack propagation model
and considering as statistical properties the Paris coeffi-
cient C and exponent m, the stress range, and the initial
and critical crack lengths. They concluded that the
annual traffic growth rate is a very important parameter
that affects structural fatigue life. Datteo et al.” imple-
mented an autoregressive model in a 1 degree-of-freedom
system subjected to a Gaussian white noise excitation.
They use a damage feature based on the Mahalanobis'
squared distance (MSD) to study the sensitivity and
uncertainty analysis of this model technique in the con-
text of SHM using a global sensitivity analysis (GSA)
based on Sobol's indices. They showed that the MSD as a
damage feature is more sensitive to changes in natural
frequencies than to changes in damping ratio, indicating
that it would not be a suitable parameter for damage
cases that are expected to cause large variation in damp-
ing with small changes in natural frequencies of a
structure.

Kala® used GSA to study the probability of failure of a
steel bridge. Crack propagation was modeled using linear
fracture mechanics. The results of the probability analysis
were updated with results from bridge inspections of the
presence of fatigue cracks and a methodology for optimal
inspection times is devised. The stress range was identi-
fied as the dominant random variable by the sensitivity
analysis.

Chen et al.'® present an online updating Gaussian
Process measurement model for fatigue crack prognosis.
Crack prognosis is achieved using a particle filter-based
framework in which an SHM measurement is used as
input for the model and the NASGRO equation for crack
growth is then randomized and used to model crack
growth. The authors verified their method in attachment
lug specimens under constant amplitude loads and they
showed that with the updating procedure the relative
error in the prognostic for the failure cycle was below 3%
after 20,000 cycles.

Sankararaman et al."' proposed a methodology for
uncertainty quantification (UQ) and model validation of

fatigue crack growth. Their analysis includes uncer-
tainty from natural variability in loading and material
properties, data uncertainty, and modeling uncertainty,
which are connected through a Bayesian network. To
reduce the computational cost, the authors replace a
finite element model for the calculation of the equiva-
lent stress intensity factor (SIF) with a SM, and GSA is
used to quantify the influence of each source of
uncertainty.

Leser et al. ~ also proposed a general methodology for
fatigue damage prognosis using SMs. SIFs for a 3D geom-
etry are obtained from high-fidelity numerical models,
and the data are used to train the SM, thus reducing the
computational cost, while crack propagation is evaluated
using the Walker equation. Furthermore, they include
information from an SHM system, along with the Bayes
inverse theorem, to obtain the posterior density distribu-
tion of the model random variables. The final result is a
probabilistic prediction of the remaining useful life
(RUL) of the structure of interest.

Recently, the present authors proposed a methodol-
ogy in the frequency domain for SHM and fatigue life
estimations of structures under random loads.'> The
structure investigated in Marques et al."’ is a cantilever
beam with a tip mass, which is a very useful model to be
used as a first approximation for the behavior of many
real-world structures, such as for the conceptual design
of an airplane wing, a wind turbine blade or even a wind
tower itself. Nevertheless, the large number of model
evaluations required for the sensitivity and uncertainty
analysis can make the use of complex models, such as
the ones developed in finite elements, prohibitive even
for this type of structure. In the present work, this issue
is overcome by modeling the structure with the Ritz
method for an Euler-Bernoulli beam, which is a well-
established solution in dynamic modeling with low com-
putational cost. The proposed methodology is conducted
in the frequency domain and it implicitly adopts the prin-
ciple of modal superposition, which is applicable to struc-
tures of arbitrary geometry and arbitrary dynamic loads.
The cantilever beam is the traditional reference problem
in many cases of structural analysis thanks to its simple
interpretation of natural frequencies and mode shapes.
Even if geometry and loads may seem to be limited to
“simple” beam-like configuration, the proposed method-
ology is general.

For the sensitivity analysis, a GSA using the variance-
based indices proposed by Sobol in 1993'* is used. Some
interesting features of variance-based methods are model
independence, capacity to capture the influence of the
full range of variation of the input parameters, and also
appreciation of interaction effects among the input
parameters. '
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The main goal of the present work is to propose a frame-
work to study the sensitivity in the input parameters of a
model for crack propagation and how they affect the fatigue
life predictions and SHM strategies. Recently, Dirlik and
Benasciutti*® pointed out the current small literature avail-
able concerning spectral-based methods and crack propaga-
tion.>'”"%° In addition, Datteo et al.” indicated the lack of
uncertainty assessment in the SHM literature. This paper
thus attempts to promote the discussion on both topics and
partially fill these gaps by proposing a framework for the
sensitivity and uncertainty analysis of beam-like structures
concerning crack propagation under spectral loads.

2 | MATHEMATICAL MODEL

The analysis starts with the derivation of the equations of
motion of the cantilever beam using the Ritz approach.
The mathematical model proposed by Kim and Kim*' is
adopted, who investigated piezoelectric energy harvesters
with a distributed tip mass.

2.1 | Equation of motion and frequency
response function

Consider a cantilever beam with a distributed tip mass
attachment that is subjected to base excitation, as shown
in Figure 1.

The beam has thickness ¢, and the tip mass has a

i . 7 3
EFEMS EEar T v 1 SV

W (X, t) Wy (X, t)
T
_ — Ly d8(x — Lo)] 0*wy(t)

EI

where EI is the bending stiffness of the beam; m,, is the
mass of the beam per unit length; §(x) is the Dirac delta
function; wy(x, t) is the transverse displacement relative
to the clamped end of the beam; wy(t) is the base dis-
placement; and M is the total tip mass at point x = Ly,
given by

M =M, + myLy. 2)

Equation (1) is valid in the interval 0 <x < Ly. Follow-
ing the Ritz method, the solution for Equation (1) can be
represented as a convergent series:

o0

W (e, 1) = 3, (o), (1), 3)

r=1

where ¢,(x) is the mass normalized eigenfunction and
n,(t) is the modal coordinate. Solution of the differential
eigenvalue problem and application of the boundary con-
ditions of the cantilever beam with distributed tip mass
lead to

¢, (x) =As[(cosh A,x — cosdyx) — y,(sinhd,x — sinA,x)],

length Ly, a height hy;, a mass M;, and rotational inertia (4)
J=LM,(hy,+L%). The undamped equation of motion
for the transverse vibrations of an Euler-Bernoulli canti-
lever beam under base excitation is given by with y, given by
_ my(sinh A, Lo — sinA,Lo) +4-M(cos4,Lo — cosh 4, Lo +4 2, (sinh A, Lo+ sini.L)) )
= my(coshA,Lo + cosArLo) + A-M (sinhA,Lo — sin ;Lo + %A, (coshA,Lo — cosi-Lo))
The modal amplitude A, is found by evaluating the
normalized eigenfunctions according to one of two
z . ..
A orthogonality conditions:
hMT M
w,(t) I Z * Lo
1 — Ly dg, (L
L Ly [ o a4, (1a¥E (1) + 3P0 )
L 0 (6>

FIGURE 1
base excitation

Cantilever beam with tip mass attachment under

d¢s(L0) d¢r(L0) Ly— _
dx (JO dx +7M¢’r(L0)> —érs,
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Ly

/dwﬂwwwzﬁ%, (7)

0

where &, is the Kronecker delta and the double primes
denote the second differentiation with respect to x. The
inertia term J, can be found from

JO_J+M,<<L2M) +(h7M+§>2) +mbLM(L7M>2- (8)

The undamped natural frequency, ,, can be
obtained from

EI
mbL4 '

Wr = (/1rLO)2 9)

The dimensionless eigenvalues, 1., are calculated
from the characteristic equation:

ALoM .
1+ cosALocosh ALy + = 0 (cosllrLo sinh A,Lg
mpLo
ArLg)™J,
—sinA,Lg coshl,Lo) w (cosh/l LosinA, L
my 0
ArLo) ToM
+sinhA,Lg cos/lrLo) + M (1 — cosA,Locosh,Lg)
(mpLo)°L}
AvLo)"ML
(O)—LM sinh A,LgsinA,Lg
mpLyg
ML) M L2
_ W(l — cosA,LocoshA,Lg)
mpLo 0

—0.
(10)

From Equation (3) and the boundary conditions,
Equation (1) may be re-written as
Ms1j, (£) + Kt () = Fwip (2), (11)

where M,; and K, are, respectively, the equivalent mass
and stiffness matrix, given by

Loy

Mrs:/¢s(x)mb¢r(x)dx¢s(L0) <¢r(L0) L;VI(%,(LO))_F
4 )
(12)

Ly

Kn= [ #ER0)ax (13)

0

and with forcing function:

L d¢r(L0)
;‘4 o (14)

__mb/¢r dx M¢V(LO)

From the orthogonality conditions, the equation of
motion (10) reduces to
o (6) + w2, (£) = Ei(). (15)
To include the effects of damping in a viscous damping
model, a modal damping term {, proportional to the
velocity 7,(t) is inserted in Equation (15), leading to

i, (t) +2Crwr7jr(t) +a)$’7r(t) :Frwb(t)' (16)

With harmonic base excitation of the form wy(f) =
Woet (where W, is the base displacement amplitude
and w is the excitation frequency), the steady-state modal
response is also harmonic of the form #,(t)=N,e™".
Equation (16) then yields

#im/%®@+Mm@WW¢)

N, — 0 Wo. (17
r w? — 0 +j20 0,0 o (17)

To determine the dynamic stresses on the beam, the
bending moment M(x,¢) is calculated as the product of
beam cross-sectional stiffness and curvature:

0 Wy (x,t)

M(x,t)=EI ,
(6. 0) ox?

(18)

and the normal stresses due to bending moment are
given by

M(x,t)h

S(x, ) =—7—", (19)

where h is the distance from the neutral line of the beam
and I the moment of inertia.

We now define a transfer function Hg,(w) that relates
the normal stress to the base acceleration applied to the
beam:
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Hia(w) :Wib (20)

Combining Equations (17), (18), and (19) into Equa-
tion (20) yields

L
1) | my / () + Mygh, (x)5(x L)
Hgo(w) = —hE; Oa)f I T s

(21)

where E is Young's modulus. Notice that although the
notation of Hg,(w) refers only to its dependency on the
excitation frequency, it is also a function of the longitudi-
nal position x, meaning it can be used to obtain the stress
transfer function at any point along the length of
the beam.

For the case of spectrum loads, the base excitation is
better described by its power spectrum density (PSD). Let
G,(w) be the one-sided PSD of the applied base accelera-
tion. Then, the PSD of the stress response, Gss(@), can be
calculated from

Gss(w) = |HSa(w)|2Ga(w)- (22)

In Equation (22), both the excitation and the stress
response are random processes, which can only be
characterized in a statistical sense. The equation
expresses the relation between the stress response of
the structure and the excitation spectrum, with the
transfer function accounting for the effect of vibrational
modes.

2.2 | Fatigue life under random loads
Once the stress PSD is calculated, spectral-based
methods can be used to determine the probability den-
sity function (PDF) of the stress response. It is worth
noticing that the PSD of a stationary Gaussian process
can be further divided into narrow-band and wideband
processes.”” In the narrow-band range, the method
known as narrow-band solution, proposed by Bendat,*
is usually employed. The method is built on the fact
that, for a narrow-band process, the stress
distribution follows the form of a Rayleigh distribution.
The PDF of the stress response can then be calculated
as

i . 7 5
EFEMS EEar T vy 1 SV

P(Sa) =5 exp (_25_52) (23)

where S, is the stress amplitude and o is the standard
deviation, which for a process with zero mean can be
obtained from the squared root of the zeroth-order spec-
tral moment of the stress process, my:

(s8]

o = / Gee(f) . (24)

0

where f denotes frequency, in Hertz, and G(f) is the
one-sided PSD of the stress response. The mean upcross-
ing frequency of the process can be estimated from:

For wideband processes, approximate solutions such
as the ones proposed by Dirlik®* or Benasciutti and
Tovo® could be employed.

In the linear elastic fracture mechanics approach, the
rate of crack propagation, da/dN, can be described by
the Walker equation as a function of the SIF range as
shown in Equation (26):

da N C()

av gy >

where AK is the SIF range; R is the stress ratio; and
Co,n, and y are material parameters. The SIF range
assumes the generic form in linear fracture mechanics:

AK = AS.F(a).\/a, (27)

in which AS is the stress range; F(a) is the geometrical
factor, which is a function of the component geometry, of
the load case in the vicinity of the crack tip, and the crack
size, a. The stress range is related to the stress amplitude,
Sa, by

AS=2S,. (28)
Two initial simplification hypotheses used in this

work are that the stress cycles caused by the spectrum
loads are fully reversed (which implies a constant stress
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ratio of R=—1) and that compressive stresses do not
affect the rate of crack propagation (i.e., y =0). Due to
these assumptions, the crack propagation law assumes
the form of the original equation proposed by Paris—
Erdogan, in which the only material parameters are Co
and n. Thus, Equation (26) is simplified into

5—;: Co(Sa.F(a).v/a)". (29)

Considering the particular case of crack propagation,
an equivalent stress amplitude can be obtained from a
random stress process with zero mean according to the
equation’*'?:

1
[+ n

Seqw = / S"p(Sa)dSa | - (30)

0

The fatigue life N, can then be estimated by integra-
tion of Equation (29) from an initial crack length, a;, to a
final/critical length a;:

4

da
Ne= / Co(SeqF(a)va)" (1)

a;

2.3 | Response of cracked beams and
damage indices

For the sake of evaluating the coupling between the
uncertainties in an SHM system and the prediction of the
RUL of a structure, a simple model for the reduction in
natural frequency of a beam due to the presence of cracks
is investigated.

The dynamic response and natural frequency reduc-
tion of cracked beams have been extensively studied in
the literature.”*">® When there is a crack in the structure,
the energy E° consumed for crack growth can be calcu-
lated from fracture mechanics according to the following
expression®”:

Be— / GdA,, (32)

where G is the strain energy release rate (SERR) and A,
is the cracked area. The SERR is calculated as a function
of the SIF K;:

_Ki

G_F’

(33)

where E'=E for plane stress and E'=E/(1—v?) for
plane strain conditions, with v the Poisson ratio.

For the geometry used in this work, the damage con-
dition was assumed to be that of edge cracks propagating
symmetrically along the cross-section of the beam, as
shown in Figure 2. Strip thickness ¢ is much smaller than
strip width 2b. The SIF of a strip with edge cracks propa-
gating symmetrically from both sides and subjected to a
constant bending moment is given by Murakami*’:

K1:F(a)5xﬁ\/b—a, (34)

where b is half the width of the strip, as shown in
Figure 2; c is half the distance between the two crack
fronts; and Sy is the stress induced by the bending
moment M. For the numerical evaluation of Equa-
tion (31), the geometry factor F(a) is interpolated from
the values given by Murakami, as shown in Figure 3.

Combining Equations (19), (33), and (34) into Equa-
tion (32) yields

s T i—— ‘ lz YLX

Strip with edge cracks subjected to bending

2b

FIGURE 2
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Geometry factor used in the model [Colour figure
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=" | () dreomionte x| [ da
0
(35)

where x, is the crack position along the x direction, ¢ is
the thickness of the beam, and a; is the crack size.

As a first approximation of the response of the
cracked beams, the mode shapes are assumed unchanged
from the pristine condition, when there are no cracks in
the structure. According to Afshari and Inman,*! when
using the mode shapes of the un-cracked beam, the maxi-
mum strain energy needs to be modified to account for
the loss of energy due to the presence of the crack. The
equivalent stiffness matrix for the cracked beam is thus
written as

L
m=m/ww¢mw

(%2 s ste )

n—;
B
[\8]

E

/tb ada
(36)

While the natural frequencies of the cracked beam
may be found from the eigenvalue problem:

(—@’Mys+ K5 )N, =0. (37)

Damage indices constitute an important aspect of the
SHM philosophy. Damage indices based on vibrational
response often rely on changes in the structure's modal
parameters to return a scalar value that quantifies how
much the structure has changed. The most useful
damage-finding methods in this scenario are the ones
that use changes in resonance frequency since they are
reliable and easy to obtain.**

A damage index (DI) is introduced to investigate the
evolution of the damage due to crack growth. The pro-
posed DI is based solely on natural frequency shifts,
according to the formula:

‘a) w’ 100, (38)

DIZ

where w; is the natural frequency of the jth vibrational
mode and the superscripts i and d denote, respectively,
the pristine and damaged condition of the structure. In

i . 7 7
79 T s cnme—WILE Y-

the present work, DI is assumed to be the sum of the per-
centual change in natural frequencies.

3 | RANDOMIZED INPUTS

A sensitivity analysis is used to determine which parame-
ter influences the most in the variation of the model. For
the UQ, the input parameters of the model adopt values
that are represented by their PDFs, and then, a conclu-
sion can be made regarding the model's output average,
standard deviation, distribution, and so on. Both analyses
are carried out by the Matlab-based software UQLab.****

For the sake of illustrating the proposed framework,
the same geometry employed by the authors previously is
used.'® The cantilever beam is made from an aluminum
sheet in Al7075-T6, with 1.27 mm thickness, with the
other dimensions as shown in Figure 4. The free length
of the beam has a total mass of 11 g, and a small tip mass
of 4.5 g (dimensions of Ly, =10mm and hy =5mm, as
per Figure 1) is glued to the tip of the beam. To evaluate
the crack propagation phenomenon, the beam has pre-
machined edge cracks distant 25mm away from the
clamping region.

For the experimental modal analysis, an intact beam
(without edge cracks) is clamped into a grip that is con-
sidered to be theoretically rigid and it is then mounted on
an electrodynamic shaker, subjecting the specimen to a
base excitation condition. The structural stress response
is recorded using a resistive strain gage fixed at point SG
shown in Figure 4, while an accelerometer is fixed at the
clamp to measure the input base acceleration applied in
the z-direction.

The material constants and geometry are considered
as the uncertain parameters. To quantify the uncertainty
in the fatigue life of the structure, the crack propagation
law is also randomized. Different stochastic crack

"Top view"

y
A

7 |
7

edge crack
4

30 P»X

110

FIGURE 4
units in mm [Colour figure can be viewed at wileyonlinelibrary.

Geometry of the cantilever beam (not to scale)—

com]
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propagation models are available in the literature, such
as the models based on the Markov chain,*>*® on polyno-
mial chaos,®” or on a jump process.*®>® Another possibil-
ity is to use random differential equation models in
which, according to Maymon,** two major approaches
can be devised: The use of a modified differential equa-
tion for crack growth where the stochastic nature is
expressed by a random process; or the use of a determin-
istic equation while assuming that its model parameters
are random variables. The latter option is used in
this work.

Due to the previous assumptions, the crack propaga-
tion law assumes the form of the original equation pro-
posed by Paris-Erdogan, and the only material
parameters are Cp and n. It has long been (empirically)
observed that these two parameters are correlated.*’™*
Due to this observation, some authors have proposed that
these two parameters should not be assumed simulta-
neously as random independent variables.** Sanches
et al.** then proposed that the scatter in fatigue life could
be represented by fixing the exponent n to its experimen-
tal average value and modeling C, according to a lognor-
mal distribution. The same approach is used here.

The mean value of Cy and the fixed value for n are
taken from Dowling* (Cy=2.71 x 1078 (%) and
n=23.70), while the variance in C, is set in order to
accommodate the scatter observed in the experimental
results of Hudson and Scardina,*® who analyzed the
fatigue crack propagation in 46 specimens of a 7075-T6
aluminum alloy at stress ratios ranging from R=—1.0 to
0.8. The data obtained by Hudson and Scardina are plot-
ted according to the Walker equation, with y =0 for neg-
ative stress ratios and y = 0.641 for positive values of R.*°
Co is thus modeled as a lognormal distribution with a

standard deviation of 6.32 x 109 ( -mm/eycle )
(MPay/m)

Figure 5 shows the experimental data collected by
Hudson and Scardina, along with 15 randomly generated
crack propagation curves from variations of Cp.

To obtain the fatigue life, Equation (31) is integrated
from an initial crack size until the critical size. The criti-
cal crack size depends on the fracture toughness of the
material and on the maximum applied load, which in this
case is random. The literature reports a fracture tough-
ness in the range of 24.2 to 30.3 MPa/m for the TL orien-
tation of the plate,47 so this value will be taken as
reference, assuming that it follows a normal distribution
around the mean value with an interval of six times the
standard deviation. For the maximum applied load, the
+3¢ criterion is used,'” which assumes that the maxi-
mum stress is equal to three times the standard deviation

100F o
Fitted curves O <
O Experimental data o
@ 102F o E
[&]
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FIGURE 5 Experimental data points and simulated fitting

equations for crack propagation in 7075-T6 aluminum alloy
[Colour figure can be viewed at wileyonlinelibrary.com]

of the stress process, which for a given Gaussian random
distribution is actually a deterministic number.

The specimens tested are machined by a wire-cut
electrical discharge machining (WEDM). The dimen-
sional accuracy of the WEDM process was experimentally
examined by Islam et al.,* who calculated a surprisingly
high international tolerance (IT) grade of almost 12 in
the linear dimensional error of the process. Thus, an IT
12 will be used as reference to estimate the standard devi-
ation of the geometrical dimensions of the specimens
used in this work. The geometric dimensions are then
assumed to follow a normal distribution around its nomi-
nal value with a tolerance (as given by the ISO IT12)
equivalent to six times the standard deviation. For the
elastic properties of the beam (Young's modulus and
Poisson ratio), a standard deviation of 0.5% from the
nominal properties is used. This value is based on the
variation reported by Benedetti et al.,** who studied the
variability in mechanical properties of extruded aeronau-
tical grade aluminum alloy 7075-T6. The density of the
beam and the value of the added tip mass are assumed to
follow a Gaussian distribution with 1% standard
deviation.

Damping is particularly difficult to model in a struc-
ture and, as pointed out by Adhikari,”® it depends on
physical dissipation mechanisms that are not always
totally understood. For damping, even the model is not
certain, so the damping parameters should exhibit scatter
to generate sensible results. In this work, damping is
modeled following the standard procedure of modal
damping ratio, an approach commonly used in modal
analysis. Three experimental measures of the modal
damping associated with the first vibrational mode of the
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beam with tip mass revealed the values of 0.27%, 0.30%,
and 0.33%.1> As such, damping is modeled with a uni-
form distribution ranging from 0.25% to 0.35%.

Finally, the stress ranges will also have an important
influence on the fatigue life, as they may be seen as the
driving force opening the crack. For the case studied in
this work, the stress ranges are naturally random, but
strongly related to the shape (envelope) and amplitude of
the input base acceleration PSD, as shown by Equation (23).
Concerning its shape, the input PSD is regarded as being
constant in a frequency range of 34 to 100 Hz, but its
amplitude is assumed to follow a uniform distribution,
varying from 0.17 to 0.23 g*/Hz. All input parameters used
in the sensitivity analysis are shown in Table 1.

4 | FINITE ELEMENT MODEL

The intact beam is modeled in finite elements using
Abaqus™. The beam, including its tip mass, is modeled
with 47,600 second-order solid elements and reduced
integration (C3D20R). The beam has a free length of
110 mm, as displayed in Figure 4. A frequency step is cre-
ated, followed by a steady-state dynamics modal analysis,
which is used to obtain the stress FRF due to base accel-
eration at point SG, also shown in Figure 4. For the
modal analysis, the experimental values of the damping
ratios are used.

A finite element model is also built for a cracked
beam for the sake of comparing the reductions in natural
frequencies caused by the presence of a symmetrical edge

TABLE 1 Probability distribution of the input parameters
Parameter Distribution type
Young's modulus (MPa) Gaussian
Poisson (-) Gaussian
Density (kg/m>) Gaussian
Length (mm) Gaussian
Width (mm) Gaussian
Thickness (mm) Gaussian
Tip mass (kg) Gaussian
Tip mass length (mm) Gaussian
Tip mass height (mm) Gaussian
Crack position (mm) Gaussian
Fracture toughness (MPa,/m) Gaussian
Modal damping (-) Uniform
PSD amplitude (g*/Hz) Uniform

Lognormal

mm/cycle
Co ((MPa\/ﬁ)n>

: - 1 -
ﬁi jm E:g?::eﬁnzﬁ;;erizfs & Structures _WI L E Y

crack with the values predicted by the model discussed in
Section 2.3. The cracked beam is modeled with approxi-
mately 60,000 C3D20R elements, which were proven suf-
ficient by a convergence analysis. The symmetric edge
crack is modeled using the “crack” feature available in
Abaqus™ by assigning the appropriate crack front and
“seam” length. Figure 6 shows the geometry and details
of the mesh used to model an 8 mm long edge crack.

5 | MODEL VALIDATION

The first step before considering the sensitivity and UQ
analysis is to validate the mathematical description of the
structure. An experimental modal analysis of an intact
beam (i.e., with no edge cracks) is conducted using an
LMS. Scadas equipment linked to Test Lab software. An
electromechanical shaker then applies a chirp signal

FIGURE 6 Geometry and detail of the mesh around the crack
used in the numerical analysis [Colour figure can be viewed at
wileyonlinelibrary.com]

Mean value Standard deviation
71,016 355
0.33 1.65e-3
2796 27.96
110 5.8e-2
30 3.5e-2
1.27 1.67e-2
4.5e-3 4.5e-5
10 2.5e-2
5 2e-2
25 3.5e-2
27.25 1.02
0.25% to 0.35% =
0.17 to 0.23 -
2.71e-8 6.32e-9
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from 10 up to 2048 Hz with a frequency resolution of
0.125 Hz, and the stress response is registered by a resis-
tive strain gage, which measures the stress at point SG
shown in Figure 4. Table 2 shows the experimental natu-
ral frequencies and damping ratios of the first three bend-
ing modes of the structure.

Figure 7 shows the excellent agreement between the
method and the experimentally obtained FRF of the stress
response due to base acceleration for point SG. Figure 7
also includes the numerical results obtained from the
finite element method (FEM). The experimental values of
the damping ratios are used in both numerical models.

To validate the natural frequency reduction obtained
from the Ritz method combined with the fracture
mechanics approach, the results for three different crack
sizes are compared with the ones obtained from the finite
element model. The natural frequencies of the first three
bending modes of the cracked cantilever beam are shown
in Table 3, and the relative difference of the Ritz method
is calculated using as reference the results from the finite
element model.

The procedure for fatigue life estimation under ran-
dom loads using the PDF of the stress amplitudes is
investigated by the authors in Marques et al.,"* where an
experimental study was conducted for a symmetrical
edge crack propagating from an initial size of 7 mm until
complete failure of the specimen. Table 4 shows both the
experimental result and the predicted fatigue life from
the Ritz method and narrow-band solution (using all
parameters and properties with nominal values).

6 | RESULTS

As mentioned previously, the main goal of this paper is to
propose a framework for the sensitivity and uncertainty
analyses considering crack propagation in beams sub-
jected to random loads. In a real-world application of SHM
systems, one may be interested in obtaining the probabilis-
tic RUL of the structure. In general, as well known and
shown by Aeronautical Structure Group (GEA) from Uni-
versity of Sao Paulo, an SHM system relies on a network of
sensors and on a non-destructive technique (NDT) such as
Lamb waves or vibration-based methods® ™* to evaluate
the presence of damage in the structure. The data collected
by the sensors can then be extracted and combined in the

TABLE 2
1st mode
Natural frequency (Hz) 57.38
Damping ratio 0.30%

form of a damage metric in order to build a mapping func-
tion between the data and the damage state of the struc-
ture (“DI correlation” shown in Figure 8). The mapping
function can then later be used to estimate the damage
condition (or the “probabilistic crack size”) based on mea-
sures of the DI collected. A schematic representation of
this process is shown in Figure 8.

The framework presented herein mainly concerns the
third block shown in Figure 8, which corresponds to the
sensitivity and UQ. As it can be seen, a necessary input
information for this analysis, alongside the input parame-
ters that were discussed in Section 3, is the crack size that
is currently presented in the structure, since it will be
used as the initial crack size in the integration of Paris
law. The method of detection of the crack will of course
depend on the type of SHM system the user has available,
which drives important aspects such as the minimum
crack size detectable and the confidence in which a cer-
tain crack size can be estimated (probabilistic crack size).

6.1 | Damage indices

The uncertainty in the proposed DI (Section 2.3) is evalu-
ated for different crack lengths. The randomized inputs

10°
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FIGURE 7 Comparison between the Ritz method, the FEM
solution, and the experimental value of the stress FRF due to base
acceleration. Correlation is very good between both numerical
models and the experimental values, and curves are almost
coincidental. [Colour figure can be viewed at wileyonlinelibrary.
com]

Experimental natural frequencies and damping ratios of the first three bending modes of the cantilever beam

2nd mode 3rd mode
455.13 1327.25
0.12% 0.10%
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TABLE 3 Natural bending 1st mode (Hz) 2nd mode (Hz) 3rd mode (Hz) Crack size
frequencies of the cracked cantilever
beam FEM 55.6 451.0 1328.8 = 4mm
Ritz method 55.1 445.0 1319.7
Relative difference  —0.9% -1.3% —0.7%
FEM 53.1 448.6 1299.9 @ = & o
Ritz method 53.8 445.0 1306.5
Relative difference 1.3% —0.8% 0.5%
FEM 48.1 443.9 1245.0 a=12mm
Ritz method 494 444.8 1265.2
Relative difference 2.7% 0.2% 1.6%
TABLE 4 Numerical prediction of fatigue life using Ritz model and experimental values'

Initial crack Number of samples

Fatigue life

Numerical prediction Experimental (mean)

7 mm 5 53.3 min 61.8 min
FIGURE 8 Schematic o
representation of a process combining SHM system + RUL estimation
SHM and sensitivity and uncertainty Nonldestasms CE——

. - 1 e e ensitivity an

analyses [Colour figure can be viewed at technique DI correlation Probabilistic .

. o1 DI extraction crack size
wileyonlinelibrary.com] =

eg.: Lamb waves
VBM Crack size Probabilistic RUL

are considered according to the distributions shown in
Table 1. Figure 9 shows the DI distributions that are
expected at different crack sizes.

The DI based on frequency shifts given in this work
is a simple example in a broader context of feature
extraction from SHM systems and its correspondence
with a certain damage state. It should be noted that
SHM measurements are affected not only by uncer-
tainties in material and geometric characteristics but
also from imperfect boundary conditions, sensor place-
ment, variations in damage geometry, temperature,
electrical and mechanical noise, and so on, which can
be addressed, for instance, by means of an online
updating Gaussian process, as demonstrated by Chen
et al."’

In practice, an SHM system obtains a DI through any
kind of non-destructive online technique it has imple-
mented and correlates it to the damage state by a previ-
ously constructed mapping function, using for instance
the results from Figure 9. Due to the uncertainties
involved, a DI reading corresponds to a distribution of
possible damage states.

To emulate a real-world application of the proposed
framework, the DI model developed in Section 2.3
(“Direct Model”) will be used to simulate the detection of
a crack size (the “Probabilistic crack size” input shown in
Figure 8). Thus, a Bayesian inversion framework is
applied to the DI (forward) model. In the Bayesian
inverse problem, a set of measured DI values can be used
to update the prior (unknown) distributions of the input
model parameters.” This procedure is illustrated in
Figure 10.

When the structure has a crack size of 8 mm, the
uncertainty analysis showed that the DI follows a lognor-
mal distribution with a mean of 4.40 and a variance of
3e-3 (Figure 9). To simulate some possible readings of an
SHM system when the crack is at this stage, a set of 10 DI
values are randomly generated according to the obtained
distribution, and these values are used as input for the
inverse problem. The prior distributions of material prop-
erties and geometries are kept the same as shown in
Table 1. The prior crack size distribution is then set as a
Gaussian distribution with a mean of 10 mm and a stan-
dard deviation of 1 mm.
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FIGURE 9 Uncertainty in damage index values at different crack sizes [Colour figure can be viewed at wileyonlinelibrary.com]
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N FIGURE 10 Schematic procedure
used to obtain a probabilistic crack size
[Colour figure can be viewed at
wileyonlinelibrary.com]

The Bayesian inversion is carried out in UQLab
software.**>® The Markov chain Monte Carlo method
is used to sample the posterior distributions of the
unknown parameters, and 3 x 10* sample points are
used. The software then returns an updated distribution

for the crack size as a Gaussian distribution with a mean
of 8.1 mm mean and standard deviation of 0.21 mm,
which is subsequently used as input for the
sensitivity and uncertainty analysis in the fatigue life
estimation.
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6.2 | Sensitivity and uncertainty in
fatigue life

The sensitivity analysis of the fatigue life of the structure
is conducted in UQLab software®>** using its sensitivity
tool and Sobol's method. The computational cost of the
method is given by (M; +2) x N, where M; is the number
of inputs and N is the sample size. The total number of
inputs used in the formulation of the problem is 15, and
a sample size of 10 is used, resulting in 1,700, 000 evalu-
ations of the computational model. Furthermore, the
Latin hypercube sampling scheme was adopted.

Figure 11 summarizes the results of the sensitivity anal-
ysis. Sobol's indices of order 1 represent the contribution of
each input parameter to the variance of the output. The
total indices, on the other hand, quantify the interaction
effects between model inputs. A total index that equals zero
or is approximately zero indicates that the respective input
parameter does not contribute to scattering on the RUL."

It can be seen that the Walker parameter Cy is the
most significant parameter contributing to the scatter in
the analysis. This is to be expected, given the role played
by the parameter in modeling the rate of crack propaga-
tion. The results show a large variation in the calculated
fatigue life, which may be attributed, in part, to the
expected natural variation of the crack propagation phe-
nomena, since the variation in Cy was set to correspond
best to the experimental scatter observed in the crack
propagation tests.

The second most important parameter influencing the
fatigue life is the modal damping ratio, followed closely by
the PSD amplitude. Again, this is no surprise as damping
always affects response amplitudes directly in the vicinity
of resonance. The modal damping influences the peak
amplitude of the FRF of the stress response in the struc-
ture, and thus has a direct effect on the amplitude of the
PSD of the stress response, affecting the stress PDF given

Others:
7%

Modal Damping:
24%

PSD Amplitude:
20%

Initial Crack:
8%

FIGURE 11
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by the narrow-band solution. Likewise, the amplitude of
base excitation (PSD amplitude parameter) affects the
stress response in a similar manner.

These results also reveal the importance of correctly
asserting the damping values in the mathematical model
used to describe the structure's dynamic response. Since
damping values are usually obtained from an experimen-
tal modal analysis, this highlights the importance of a
proper experimental assessment of the structure.

The initial crack size parameter was shown to have
only a moderate impact on the variance of the results.
However, its influence is expected to be higher at small
crack sizes, given that crack growth rates are smaller in
this condition, so even minor variations in this parameter
may bring a large variation in the results.

The probabilistic distribution observed in the fatigue
life, shown in Figure 12, was fitted by a lognormal distri-
bution, revealing a mean value of 1.13e+05 cycles and a

4
12_><10

I Histogram

Lognormal fit

Ocurrences

0 05 1 1.5 2 25 3 35
Fatigue Life [cycles] % 10°
FIGURE 12 Expected distribution of the structure's fatigue life

according to the variation of the input parameters given in Table 1
[Colour figure can be viewed at wileyonlinelibrary.com|
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Sobol's indices of order 1 (left) and total order (right) for the RUL [Colour figure can be viewed at wileyonlinelibrary.com]
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standard deviation of 4.18e+04 cycles. It should be noted
that although a somewhat large variance was assumed
for the geometric and material properties (Young's modu-
lus and Poisson) of the structure, the large scatter
observed in the fatigue life of the structure is mostly due
to the variance of coefficient Cy from Walker's equation,
as shown by the results of the GSA. The values of modal
damping and the amplitude of the PSD excitation also
have a non-negligible impact in the structure's life.

As pointed out by Leser et al.,'> SHM systems usually
provide information about the current damage state,
while a more comprehensive approach would also
involve the propagation of this information to predict the
RUL of the structure. Following the proposed approach,
the information collected from an SHM system on the
current damage state of a structure can be used in a prob-
abilistic assessment of its RUL. At the same time, SHM
systems that do not consider the inherent variability in
materials and mechanical process may suffer with erro-
neous identification of damage in their structures.

7 | CONCLUSIONS

A framework is presented for the sensitivity and uncer-
tainty analysis of fatigue crack growth under random
loads. A study case is investigated for a structure that
uses shifts in the natural frequencies as a DI and corre-
lates it to the crack size, but that can be easily generalized
to different SHM approaches. The methodology enables
the study of the probabilistic RUL of beam-like structures
under random loads with low computational cost. The
potential of the methodology also lies in the fact that the
vibration of many structures can be analyzed by model-
ing it in the simplest way as a beam.’” With the present
case study, the results show that the coefficient Cy from
Walker's equation has the most impact on the fatigue life
of the component. The modal damping factor and the
amplitude of the input acceleration were also identified
as important parameters affecting the variance of the
results. The framework presented can be used in comple-
ment to SHM systems to allow a deeper understanding of
the influence of each parameter and their uncertainties
in the response of the structure, while also helping in its
reliability analysis. If not properly addressed, these natu-
ral variations in material properties and geometry can
make SHM systems impracticable or even cause the pre-
mature failure of the structure.
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NOMENCLATURE

a crack size

ao initial crack size

ar final crack size

a. critical crack size

A. cracked area

A, modal amplitude

b half the width of the strip

c half the distance between two crack fronts on
a strip

Co material parameter for the Walker equation

da/dN  rate of crack growth per cycle

DI damage index

E Young's modulus

E° energy consumed for crack growth

EI beam bending stiffness

f frequency

F(a) geometrical factor

F, forcing function

G strain energy release rate

Gy (f) one-sided power spectral density

Gy(w) base acceleration PSD

Gss(w)  stress response PSD

ha tip mass height

Hg,(w)  transfer function of stress over base
acceleration

J tip mass rotational inertia

Jo inertia term

K; stress intensity factor for mode I

Ky stiffness matrix

K7, equivalent stiffness matrix

L beam length

Ly tip mass length

mp beam mass per unit length
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F
M bending moment 4
M, tip mass
M total tip mass
M mass matrix 5
m; ith-order spectral moment
Nt number of cycles in a load history
n exponential parameter for the Walker 6
equation
p(S) probability density function of the stress
response
PDF probability density function 7
PSD power spectral density
R stress ratio g
RUL remaining useful life
Sa stress amplitude
S(x, t) normal stress due to bending moment
Sy stress upper limit of truncation 9
SIF stress intensity factor
SHM structural health monitoring 10.
t beam thickness
wp(t) base displacement -
Wy (x,t) transverse displacement relative to the
clamped end of the beam
Xe crack position 12.
a; ith-order spectral width
y material parameter of the Walker equation
7y parameter of the normalized eigenfunction
Srs Kronecker delta 13.
5(x) Dirac delta function
AK stress intensity factor range
AS stress range 14.
Ar dimensionless eigenvalue
n,.(t) modal coordinate 15.
o, (x) mass normalized eigenfunction
v Poisson ratio 16.
® excitation frequency
Wy undamped natural frequency
g, modal damping 17.
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